If £ is a positive integer andp is a prime with/? = 1 (mod2 k ), then 2(/>-i)/2 j s a 2*th root of unity modulo p. We consider the problem of determining 2 (/?~1)/2 * modulo p. This has been done for k -1, 2, 3 and the present paper treats k = 4 and 5, extending the work of Cunningham, Aigner, Hasse, and Evans.
1. Introduction. When k -1, we have the familiar result { -1 (mod /?), ifp = 3, 5 (mod 8) .
When k -2 and p = 1 (mod 4), there are integers 0 = 1 (mod 4) and b = 0 (mod 2) such that /? = α 2 + Z? 2 , with a and | Z? | unique. If b = 0 (mod 4) (so that /? = 1 (mod 8)), Gauss [8: p. 89 ] (see also [4] , [16] ) has shown that
\ -1 (mod/?), if 6 ΞΞ 4 (mod 8).
If Z> = 2 (mod 4) (so that p = 5 (mod 8)), we can choose b = -2 (mod 8), by changing the sign of 6, if necessary, and Gauss [8: p. 89 ] (see also [4] , [11: p. 66] , [16] ) has shown that is a 4th root of unity modulo p. If b = 0 (mod 8), Reuschle [14] conjectured and Western [15] (see also [16] ) proved that (14) 2 (,-.)/8 Ξ ί(-1 ) (/ " 1)/8 ( mod /')' if* = 0 (mod 16), \(-lf p+Ί)/s (modp), ifZ>Ξ=8(modl6).
If b = 4 (mod 8), we can choose b = 4(-\)
(p+1)/s (mod 16) , by changing the sign of b, if necessary, and Lehmer [11: p. 70 ] has shown that (1.5) 2<"-'>/ 8 = --a (mod/)).
Ill
It is the purpose of this paper to treat the cases k -4 and 5. , n -0,1,... ,7. Making use of a congruence due to Hasse [9: p. 232 ] (see also [5: Theorem 3] , [17: p. 411]), we prove in §2 the following extension of the criterion for 2 to be a 16th power (mod /?), which was conjectured by Cunningham [3: p. 88 For k -5 and p = 1 (mod 32), there are integers a = 1 (mod 4), with a, IZ? I , c, | J | , x unique. If (x, w, ϋ, w) is a solution of (1.7), then all solutions are given by ±(x, w, υ, w), =t (x, -w, v, -w), ±(x 9 w, -v, -u) Hasse [9: p. 233 ] (see also [7: eqn. (2) ]), we prove in §3 the following extension of the criterion for 2 to be a 32nd power (mod /?) due to and Evans [6: Theorem 7] .
THEOREM l.Letp = 1 (mod 32) be a prime. Let a = 1 (mod 4), (mod/?) are g/t)έ?i IΛ Table 2 .
Justification of the choices in the left-hand column of Table 2 is made in the proof of Theorem 2, which appears in §3. The cases 2 {p~λ)/32 =±l (mod p) constitute the criterion of Hasse-Evans.
Evaluation of 2 {p~1)/16
(modp). Letp be a prime satisfying
We note that the ring of integers of Q(ω) -Q(i, ]/2) is a unique factorization domain (see for example [13] ). In this ring/? factors as a product of four primes. Denoting one of these by π, these four primes are 7r y = σ (flr), j - 1, 3, 5, 7, where Oj denotes the automorphism which maps ω to ω J . Let g be a primitive root (mod/?). Then g^" 1 )/ 2 = -1 (mod/?), and so
Hence gf -ω J = 0 (mod π,), for some j, j = 1, 3, 5, 7, and by relabelling the TΓ'S we may assume without loss of generality that
Given g, TΓ (apart from units) is uniquely determined by (2.5). Next we define a character χ (mod/?) (depending upon g) of order 8 by setting 
(modp).
Appealing to (2.14) we get
We consider three cases: This completes the proof of Theorem 1.
Evaluation of 2
(p~1)/32 (mod/?). Let/? be a prime satisfying
Again, the ring of integers of <2 (0) is a unique factorization domain (see for example [13] ). In this ring p factors as a product of eight primes. Denoting one of these by π, these eight primes are given by 3, 5, 7, 9, 11, 13, 15 , where σ i denotes the automorphism which maps θ to θ\ Let g be a primitive root (modp). Then
and, as before, we can choose π ι -m (unique apart from units) so that
We define a character Ψ (mod/?) of order 16 by setting
and for r, s = 0, 1, 2,..., 15 we define the Jacobi sum J(r, s) by
It is known that (see for example [7: §1] where (see for example [5; eqn. (8) 
The following important congruence relating b, d, u and w has been proved by Hasse [9: p. 233 As in §2, if r and s are non-negative integers satisfying 0 ^ r + s < 16, we have
Thus, in particular, taking (/% s) = (4, 4) , (2, 6) , (1, 7) , and (3, 5) , in (3.17), we obtain (3.20) x + uiyjl -fϊ + φ + wiyjl + {ϊ = 0 (mod π), (3.21) x -wiyjl -/2 -ϋ/2 + ui^l + ft = 0 (mod «r).
From (3.18) and (3.19) we get
Solving (3.20) and (3.21) simultaneously for ^2 + y/ϊ and /2 (mod 77), and making use of (3.22), we obtain
Then, from (3.4), (3.5) , (3.22) and (3.23), we have
Since both sides of (3.24) are integers (mod/?), we deduce that (mod p).
We consider four cases: Exactly one 5-tuple (b, d, w, v, w) If rf = 0 (mod 8), replacing g by g 16ί+r (where / = 1, 7, 9, 15 and (16s + t,f) = 1), as necessary, we can suppose that (3.34) iΞ8 (mod 32), w = 2 (mod 8).
There are exactly two 5-tuples (b, d, w, υ, w) , which satisfy (3.13) and (3.34). These are (b,d,u,v,w) and (b, -d 9 -w, -υ 9 u), if« = (b,d,u,υ,w) and (b, -d, w, -v, -w) , ifw = 6(mod8).
and

EXTENSIONS OF THEOREMS OF CUNNINGHAM-AIGNER
We note that the 16th root of unity modulo /?,
is independent of which 5-tuple is used, since There are precisely two 5-tuples (b, d, u, υ, w) , which satisfy (3.13) and (3.36) . These are (b,d,u,v y w) and (b 9 d 9 -u,v, -w) .
We note that the 16th root of unity modulo p,
is independent of which 5-tuple is chosen, since 9 -v 9 +11). since ±w + u =±(w + w) (mod 8), as w = w = 0 (mod 4).
Case (iii) From Case (iii) of §2 we have There are exactly two 5-tuples (ft, d, u, v 9 w) which satisfy (3.13) and (3.41). These are (ft, d, w, t>, w) and ( -ft, d, -w, -υ, w) , ifw = 2(mod8), and (ft, (i, w, ϋ, w) and ( -ft, d, w, -1>, -w),
We note that the 16th root of unity modulo/?,
is independent of which 5-tuple is used, since
and it is easily checked that
Clearly, from (3.38) and ( Replacing g by g l65+ί , where t-\ or 7 and (16^ + t, f) -1, as necessary, we may suppose that (3.44) b= 16 (mod 64).
There are exactly four 5-tuples (6, d, w, v 9 w), which satisfy (3.13) and (3.44) . These are (fc, d, ±u, v, ±w) 9 (b, -d, ±w 9 -t>,
We note as before that the 16th root of unity modulo/?,
is independent of which 5-tuple is used.
Clearly, from (3.39) and ( Table 2 (IV). When applying Theorem 2 in this case, we can use any one of the four solutions (JC, ±u, v, ±w) , (x, ±w 9 -v, ^w) , as ±w ^ u =±(u + w) (mod 8).
Case (iv). As 2 (/^1) / 16 = 1 (mod/?), from Table 1 , we have There are exactly eight 5-tuples which satisfy (3.13) and (3.48), namely,
It is straightforward to check that There are two 5-tuples (b, d, «, v 9 w) satisfying (3.13) and (3.49), namely, (b,d 9 ±u, v, ±w) , and again it is easy to check that (b) p = 257 (see Table 2 (II)). We have The congruence M(x 2 -2v 2 ) = ac(u 2 + 2uw -w 2 ) (mod p) is satisfied by (x, u, v, w) -( -9, ±6, -4, ^6) . As M + w = 0 (mod 8), by Theorem 2(11), we have 2(/ ,-i)/32 = 2 8 Ξ -1 (mod 257).
(c)p = 1249 (see Table 2 (111)). We have (x,«,o,w) = (7, 10,4, -22) or (7,22,-4,10) ; JC ΞΞ-l (mod8), wΞ2(mod8). -15, 32) and (JC, u, v, w) = (7, 22, -4, 10) or by (α, b) = (-15, -32) and (x, «, t), w) = (7, 10, 4, -22) (d) p = 1217 (see Table 2 (IV)). We have (JC,II,U,W) = (7,-10,-4, -6) or (7,-6,4,10) ;
The congruence bd(x 2 -2v 2 ) = ac(u 2 + 2uw -w 2 ) (mod /?) is satisfied by (c, rf) = (-15,8) and (x, u, v 9 w) = (7, -10, -4, -6) , or by (c, rf) = (-15, -8) and (JC, w, ϋ, w) = (7, -6,4,10) (g) P = 97 (see Table 2 (VIII)). We have (α,6) = (9,-4); αΞl( m od4), 6 = 12 (mod 16); (c, ί/) = (5, -6); cΞl(mod4), ii = 2(mod8); (x, u, v,w) -(7, -4,2,2) ; JC Ξ-1 (mod 8), w^2(mod8). 
